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Abstract 

This work takes up the challenges of utility maximization problem when the market 
is indivisible and the transaction costs are included. First there is a so-called solvency 
region given by the minimum margin requirement in the problem formulation. Then 
the associated utility maximization is formulated as an optimal switching problem. 
The diffusion turns out to be degenerate and the boundary of domain is an unbounded 
set. One no longer has the continuity of the value function without posing further 
conditions due to the degeneracy and the dependence of the random terminal time on 
the initial data. This paper provides sufficient conditions under which the continuity 
of the value function is obtained. The essence of our approach is to find a sequence of 
continuous functions locally uniformly converging to the desired value function. Thanks 
to continuity, the value function can be characterized by using the notion of viscosity 
solution of certain quasi-variational inequality. 
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1 Introduction 



The study of utility optimization has a long history. Utility maximization under the setup of 
Black-Scholes type models can be traced back to [18]. By now, it is widely understood that 
in a complete market, the optimal strategy of this problem is attainable if an investor can 
make infinitesimally small adjustments of the position frequently. Recent study indicates 
that market imperfections such as transaction costs and asset indivisibility affect virtually 
every transaction and generate costs, which interfere with the trades that rational individuals 
would make in a complete market (see [9]). As was alluded to in the above, the two main 
assumptions, namely zero transaction costs and infinite divisibility of an asset, are crucial. 
Failure in either of the two assumptions results in an incomplete market, so Merton's optimal 
strategy becomes non-attainable. 

From a practical point of view, although the technical advancement and the on-line 
trading make the transaction costs not significantly influential, the transaction costs can 
hardly be ignored. As for the other assumption, it is almost evident that an asset cannot be 
infinitely divisible in any practical situation. 

Incorporating transaction cost in utility maximization has received much attentions from 
both researchers and practitioners in the past few decades. In fact, there is a vast literature 
on this subject; see for example, [6l [TJ [131 [IS [13 1201 1211 [26], and the references therein. In 
contrast, there are relatively few works on asset indivisibility. Two of the exceptions are |23] 
and [25] . It should be noted that most existing works on asset indivisibility have focused on 
discrete-time models. Our goal in this paper is to take up the challenges in both parts. We 
will characterize the solution of the utility maximization problems of an indivisible market 
with transaction cost in continuous time. 

To incorporate the asset indivisibility, the stock shares in the portfolio are restricted to a 
finite set of integers /C (to be defined in (12. 5p ). In addition, there is a minimum maintenance 
margin requirement for the investigator; the corresponding condition is termed as a solvency 
region O (to be defined in (12. 7p ). The associated utility maximization is modeled as an 
optimal switching problem on degenerate diffusion in the restricted unbounded domain. It is 
noted that with nondegenerate diffusion, the value function can be shown to belongs to, for 
example, W^^^{0) n Wf^'^{0) for a bounded domain [lOj, and for a one-dimensional 

unbounded domain |2T] . 

In our work, one cannot obtain the continuity of the value function V of (I2.12p for free 
since the underlying process (X, F, Z) is degenerate and the random terminal time r of (12.111) 
depends on the initial condition {t,x,y,z); see the counterexample in [3[ Example 4.1] with 
the absence of optimal switching. As a result, to characterize the value function, we use the 
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notion of viscosity solution for quasi- variational inequality. It turns out to be crucial to show 
the continuity of the value function with some appropriate conditions. 

The continuity of the value function in a bounded domain has been widely discussed 
within the framework of classical stochastic control theory without switching costs, known 
as stochastic exit problem. When the domain is bounded, a sufficient condition for the 
continuity of the value function is provided in p!T| p. 205] by using a probabilistic approach, 
where the continuity was presented in terms of the drift of the underlying diffusion. In 
contrast, a generalization of the continuity in |3] gave a condition taking into consideration 
of both the drift and diffusion coefficients. Along another line, the stochastic exit-time 
control problem has been studied by using purely analytical methods in [H |2l [HI |15] under 
various setups. 

In the current work, we use a probabilistic approach similar to that of [3] and [11]. We 
focus on utility optimization for indivisible cost with transaction costs. The essence depends 
on the verification of a continuity condition. We note that the main effort of [3] is to find a 
sequence of continuous functions uniformly converging to the desired value function, taking 
into consideration of the sample path properties of the diffusion processes. In this procedure, 
Dini's theorem plays an essential role to obtain the uniform convergence. However, this 
approach is not directly applicable to our work. This is because the boundary of the domain 
do is unbounded. Because of the domain being non-compact, Dini's theorem cannot be 
used. Therefore, one needs asymptotic properties of the approximating functions. Here we 
devise an approximation sequence (see Lemma [3.21) . and obtain the continuity of V by 
local uniform estimates using . The details are in Theorem 13. II in what follows. 

The rest of the work is arranged as follows. The precise formulation of the problem 
is given in Section [2l Section [3] is devoted to continuity of the value function. Section [H 
analyzes properties of the value functions. In particular, we show that the value function 
is the unique viscosity solution of the quasi-variational inequality f l2.17p with boundary- 
terminal condition fl2.18p . Section [5] makes some further remarks to conclude the paper. At 
the end, supplemental results are included in an appendix in Section [61 

2 Problem Formulation 

Let J-", P, F) be a complete filtered probability space on which is defined a standard 
Brownian motion W , where F = {J^t\t>o- We assume that the filtration F is generated by 
W , augmented by all the P-null sets as usual. For simplicity, we assume that the financial 
market consists of only two assets, a bank account with zero interest and a risky asset. 
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Suppose that X*'^, the price of the risky asset, is given by 

X{s)=x + b{r,X{r))dr + a{r, X{r))dW{r), (2.1) 

where x > denotes the initial price. A bank account with positive interest can be considered 
in the current setup. Other than notational complexity, such a formulation does not introduce 
essential difficulties as long as the interest rates are not stochastic. Therefore, for simplicity, 
we use zero risk-free interest rate in this paper. Throughout the paper, we use the following 
standing assumptions. The objective function is an expected utility with transaction costs 
taken into consideration, whose precise form will be given shortly. 

Assumption 2.1. 

1. There exists a Ci > such that the drift b and the volatility cr satisfy 

b{s, 0) = cr(s, 0) = 0, and \b{s, Xi) —b{s, X2)\ + \o'{s,Xi) — a{s,X2)\ < Cilxi — a;2|. (2.2) 

2. The transaction cost function c : Z i— )■ M satisfies 

c(0) = 0, c{z) > 7^ 0, and c{zi) + 0(^2) > c{zi + Z2). 

3. The risk-averse utility function U : [0, 00) — )■ [0, 00) satisfies 

U{0) = 0, U'{x) > 0, U"{x) < 0, lim U\x) = 0, and hmU'{x) = 00, (2.3) 

where U' and U" denote the first and the second derivatives of U with respect to x, 
respectively. 

With condition (12.21) . the price X{s) stays nonnegative for all s > t. Note that (12.21) 
also implies linear growth of the functions b and cr in the variable x, and hence (12.11) has a 
unique strong solution. For a fixed time duration [t,T], an investor has an initial wealth y 
and holds z shares of stock at price x, and hence y — zx is the initial amount in the bank. 
We denote the ith nonzero trading occurs at time Tj, and assume at most one transaction 
occurs at each time, i.e., 

= Tq < Ti < T2 < ■ ■ ■ < Tn < T, for some N. (2.4) 

We use Z{s) = J2iLo^ ^i'''i)'^[n,Ti+i){s) to denote the position of the risky asset in the portfolio 
at time s, and use AZ{s) = Z{s) — Z{s^) denote the amount of transaction traded at time 
s. Therefore, the associated transaction cost at the ith transaction is c(AZ(rj)). 
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In practice, the risky asset traded in the market is indivisible. As a result, we restrict 
the investor's position in the risky asset to a set of finite integers /C, i.e., for some positive 
integer C2 and C3 

/C ^ {-C2, -C2 + 1, . . . , 0, . . . , C3 - 1, C3}. (2.5) 
Then, with the initial investment the total wealth jy^'^'^'^'^^s) '■ t < s <T} follows 

dY{s) = Z{s)b{s,X{s))ds + Z{s)a{s,X{s))dW{s), s G (t^, Xi+i), 
F(r,) =F(7^-)-c(AZ(r,)). 

One can rewrite the wealth process as 

Y{s) = y+ Z{r)b{r,X{r))dr+ Z{r)a{r, X{r))dW{r) -J^ci^Zin)). (2.6) 

Let the minimum maintenance margin requirement for the investor's account be c{—Z{s)), 
i.e., Y{s) > c(— Z(s)). The investor will receive a margin call at f = inf{s : Y{s) < 
c{—Z{s))}, if f < T occurs. Under the self-financing rule, we assume no additional capital is 
available, and the investor has to clear the risky asset (zero capital remaining after clearance) 
at f. In other words, we define the solvency region as 

O = {ix,y,z):x>0,y> c(-2;), z E /C}. (2.7) 

Thus the state process {X{s),Y{s), Z{s)) satisfies the state constraint 

(X(s), Y{s), Z{s)) e O, Lebesgue-a.e. s e [t,T], P - a.s. u e Q. (2.8) 

In this work, Z{s) is a control variable. Note that due to the state constraint (12. 8p . the 
control Z{s) belongs to a state-dependent set Z{s^) + T{Y{s^), Z{s^)), where r(-, ■) is a 
set- valued function given by f l2.10p . and z + T{y, z) is understood as a set translation. 

Definition 2.1 (Admissible control space). Given t G [0,T], the set of admissible strategies, 
denoted as Z(t,x,y, z), is the space of F-adapted processes Z over [t,T] such that 

1. For any s G [t, T], Z{s) G K, has the following form. For a sequence of strictly increasing 
stopping times, (12. 4p 

iV-l 

Z{s) = Z(7^,)l[,^,.,^,)(s), Z(r) = z. (2.9) 

i=0 

2. For i > 1, AZ{n) G r(r(rr),Z(rr)), where 

r{y, z) = {z e }C : c{z - z) + c{-z) <y,z^ z}. (2.10) 



5 



Remark 2.1. Definition 12.11 means the investor will trade only finitely many times during 
[t,T] almost surely. If not, Y(T) = — oo almost surely due to mmic\{o} c{z) > 0. Also, 
(12. 9 p implies Z{T) = 0, i.e., the investor will always clear his or her stock position at T 
and will hold only cash in the bank. Such an assumption is not unusual; see for example, 
[1] and [5]. On the other hand, the amount trading AZ{Ti) is required to take a value 
in a state-dependent set r(y(r-~), Z(r-^)). This is the minimum requirement to keep the 
state, (X(ri), Y{Ti), Ziji))^ belonging to O (the closure of O) right after the transaction, and 
prevents the investor quits the market with negative wealth. 

Let the stopping time r be 

r = inf{s : < c(-Z(s))} AT. (2.11) 

For a given initial state {t,x,y,z), the investor's goal is to maximize the expected utility of 
the total wealth 

J{t,x,y,z,Z) = E[UiY'^^^y'''^{T))] 

over all admissible strategy space Z{t, x, y, z). Therefore, the value function of our problem 
is 

V{t,x,y,z)= sup J{t,x,y,z,Z)= sup E[t/(r*'^'*"'^(r))]. (2.12) 

ZS:Z(t,x,y,z) ZGZ{t,x,y,z) 

Remark 2.2 (Discussions on assumptions). There are two key assumptions in the formu- 
lation of the problem. One is the transaction cost c(-) being subadditive, and the other is 
that there is at most one transaction at any time, and thus the representation of Z{-) as 
a piecewise constant process is well defined. These are reasonable assumptions from the 
following point of view. Suppose there are multiple nonzero transactions occurred at time 
s, i.e., 

Tj = Tj+i = ■ ■ ■ = Tj+m = s for some i,m > 1, and t < s <T, 

and the transaction cost c(-) is not necessarily subadditive. Denote by AZj. the number of 
shares traded at the kth transaction. The investor is obliged to pay the total transaction 
cost ^JLo c(AZj+j) at time s. Then, we can always construct another function c(-) by 

n 

c{z) = min | c{zi) : Zi + Z2 + ■ ■ ■ + Zn = z ior some n|. 

i=l 

and such a c(-) turns out to be a subadditive function. Therefore, the multiple transactions 
at time s can always be replaced by a single transaction of the amount ^^i+j shares in 
terms of the new subadditive transaction cost function c(-). As a result, the strategy remains 
the same as before, while the transaction cost becomes less under c(-), i.e., c(AZj_|_j) > 
c(^"1q AZj+j); see [17] for a more general discussion. 
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We define two operators 



and 



Cip{t, X, z) = b(f^ + ^a^ipxx + zbipy + ^z^a^yDyy + zcr^xy, (2.13) 



S{p(t,x,y, z) = max ip{t,x,y — c{z — z), z). (2-14) 

z£r{y,z) 



In the above, we used max ip(t, x,y — c{z — z),z) = — oo = — mm (p{t, x,y — c{z — z),z) as 
convention. In the definition of 5, we used max instead of sup owing to the finite cardinality 
of r(?/,z). Also note that, the operator C of (12.131) is degenerate. In other words, the 
diffusion (X, F, Z) is always degenerate, even if X is non-degenerate. 

Provided that is a continuous function, we can proceed with the dynamic programming 
principle (DPP) and obtain 

v{t, X, y, z) = sup E[v{e, x''^{e), Y^'^^'^'^'^ie), z{e))], < r. 

ZeZ(t,x,y,z) 

The general discussions of DPP is referred to |TTt [22] ■ If we appeal DPP on instantaneous 
transaction strategy with Ti = t, then it follows that 

Vit, X, y, z) > SVit, X, y, z), (t, x, y, z) e [0, T] x O. (2.15) 

Define an operator A that maps from measurable functions (f : (0, T) x O — )■ M to set- valued 
functions A[(f)] on /C given by 

^M(^) = {{t,x,y) : ip{t,x,y,z) > Sip{t,x,y, z)}. (2.16) 

Note that ^[y](2;) is a no-action region associated with z E IC. DPP implies that for the 
initial data (t,x,y) G ^[y](z), the value process \^(s, X*'^'(s), F*'^''^'^(s), z) is a martingale 
in A[V](2;), whose generator is given by ^ -|- £. Moreover, a heuristic derivation leads to 
that V satisfies the following quasi-variational inequality 

min{-ut -Cu,u- Su} = 0, on [0, T) x O. (2.17) 

We aim to show the value function V is the unique viscosity solution of the quasi- 
variational inequality ( I2.17P with Cauchy-Dirichlet data 

u{t,x,y,z) = U{y-c{-z)), on 9*([0, T) x O), (2.18) 

where d*{[0,T) x O) is the parabolic boundary. It turns out to be crucial to know the 
continuity of ^ a priori. 
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(2.19) 



For later use in the uniqueness proof, we define the function F as 

Fit, X, y, z, q,p, A) = -q - {h{t, x)pi + io-^(t, x)Au + zb{t, x)p2 

+ ^z'^a^{t, x)A22 + za^{t, x, )A22 + za^{t, x)Ai2)- 

Then, (I2.17P can be rewritten as 

min{F(t, x, y, z, Ut, Du, D'^u),u — Su] = 0. (2.20) 

3 Continuity 

Continuity is crucial to characterize the value function as the unique viscosity solution. The 
difficulty to show the continuity of V{-) stems from the following: 

1. the stopping time r of (12. lip depends on the initial state {x,y); 

2. the boundary d*{[0,T) x O) is an unbounded set; 

3. the control space Z{t,x,y, z) depends on the initial state {x,y). 

To prove the continuity of \^(-), we introduce another value function K^(-) in what follows, 
which avoids the above two issues of V^(-)- Let the strategy space Z(t,z) be defined as a 
strategy space without constraint (12. 8p . so that the space does not depend on the initial 
state (x, y), i.e., 

Z{t,z) = {Z : Z{t-) = z,IC^ Z{s) = EfJ Z{r.n[n,r,^M^) for some N,Z{T) = 0}. 

Recall that r of (12. lip is defined as the first exit time of the random process [t, X*'^', Y^'^'^'^, Z) 
from the domain [0, T) x O. Thus, one can rewrite V of (I2.12p as, 

V{t,x,y,z)= sup E[?7(F*'^*^'^(T))1|.=T}]. 

We also define ClS db penalty function of the form 

A%t,s,Y,Z)=exp[~^j^ (c(-Z(r))-r(r))^rfr}, (3.1) 

where c{z)^ denotes the positive part of c{z) as usual. Finally, we define as 

V%t,x,y,z)= sup E[A"(t,T,y*'^'^'"'^,Z)f/(r*W'^(T))]. (3.2) 

zez{t,z) 

In the above, we extend the function U{-) to (— cxo, oo) by U{x) = for any a; < 0. Since 
= 1 on the set {r = T}, it leads to 

V%t,x,y,z) > V{t,x,y,z), \/{t,x,y,z). 

The V^it^x^y, z) can be thought of as a penalized or regularized "value function." We 
use to establish the desired properties of V . The tasks to be performed are: 
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1. to show that V^{-, ■, ■, z) is continuous for each e; 

2. to show that converges monotonically to V in [0,T) x O; and 

3. to show that converges locally uniformly to V. 

3.1 Preliminary Results 

Proposition 3.1 (Properties of S). The following properties hold for the operator S: 

1. (Monotonicity) Su > Sv whenever u > v. 

2. (sub-distributivity) S{u + v) < Su + Sv. 

3. (Preservation of continuity) Su is continuous in {t, x, y) whenever u is continuous in 
{t,x,y). 

Proof. 1. (Monotonicity) If m > f , then by definition f l2.14p 

Su(t, X, y, z) — Sv{t, X, y, z) 

= max5er(j/,^) u(t, x,y - c{z - z),z) - max^(zr{y,z) v{t, x,y- c{z ~ z),z) 
= maxigr(j/,^) u(t, x,y - c{z - z),z)+ min5gr(s/,^)(-^)(t, x,y - c{z - z),z) 
> mm^(.riy,z){u - v)it, x,y- c{z - z),z) >0. 

2. (sub-distributivity) The proof is obvious and thus omitted. 

3. (Preservation of continuity) For each pair {z, z), u(t, x,y — c{z — z),z) is continuous in 
{t, X, y). Also, note that r(?/, z) is a finite set. Thus, max2gr(j/,z) u{t, x,y — c{z — z),z) 
is also continuous. 

□ 

Lemma 3.1. Let Z G Z{t,z). For any m>l, the wealth process Y given by (12. 6p satisfies 



E 



sup 

t<s<T 



\Y''-'y'^'^{s) - y + J2<^Zrjr] < Cm,T\^r, (3.3) 



Ti<S 



and 



E 



sup 

t<s<T 



|yf,a::i,?/i,2,Z/ \ _ yt,X2,?/2,2,-^('gN I'm 



<Cm,T{\^i-X2r + \yi-y2n- (3.4) 



Proof We denote = Y^'^'y'"'^ and X = X*'^. Using the Burkholder-Davis-Gundy (BDG) 
and Holder inequalities multiple times combined with linear growth and Lipschitz conditions 
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in (12. 2p . we compute 



E 



< C7^ E 



sup 



Z{r)b{r, X{r))dr 



a,,E 



sup 



Z{r)(r{r,X{r))dW{r) 



T 



sup / |Z(r)6(r,X(r))rrfr 



Z'^{r)a^{r,X{r))dr 



\b{r,X{r))rdr 



Cm,E 



+ C^E 

\ m/2 
2 - ------ N ' 



m/2 



T 



0" {r, X{r))dr 



\X{r)\"'dr 



C™E 



|X(r)pc/r 



m/2 



^ Cm,T\x\"^- 

Then (13. 3p follows. For convenience, we also denote F*'"^ = Y^'^*'^^'^'^ and X* = X^'^^ for 
2 = 1,2. Similar arguments lead to 



E 



<Cm\yi-y2r + CmE 
+C^E 



2,Z/„Mm 

sup 



Z{r){b{r,X\r)) - b{r, X'^{r)))dr 
Z{r){(r{r,X\r)) - (r{r, X^{r)))dW{r 
<Cm\yi-y2r + CmE sup 1^ \Z{r){b{r,X\r)) - b{r,X\r)))rdr 

m/2- 



sup 

s 



+C^E 



r 



Z'^{r){a{r,X^{r)) - a {r , X"^ {r))f dr 
< Cmbi - y2r + Cm^lj^^ \X\r) - X'irTdr] + Crr^&i^j^ \X\r) - X'{r)\^dr 



m/2 



<Cm\yi-y2r + Cm,T\^,-X2r. 



□ 



3.2 Properties of 

Lemma 3.2. is increasing in y, and continuous in {t,x,y). Furthermore, V' 

satisfies 

V^{t,x,y,z 



lim sup 



X 



0, V(y,,2) 



and 



V%t,x,y,z) 
lim sup = U, V(x, z), 

t,e y 



(3.5) 
(3.6) 



Proof. It is clear that is increasing in 

1. In this part, we prove is continuous in (x, y). Given that (t, z) G [0, T] and (xj, ?/i) G 
X M with i = 1, 2, we denote 

y*'^'+ ^max{F''^,0}, ^ = 1,2. 
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Then we have 

\V^{t,xi,yi,z) - V''{t,X2,y2,z)\ 

sup E[A%t, T, Y^'^, Z)U{Y^'^'+{T))] 



zez(t,z) 



= sup E 

zez{t,z) 

< sup E 

zez{t,z) 



- sup E[A%t,T,Y^'^,Z)U{Y^'^'^{T))] 

zez{t,z) 

A"(t, T, yi'^, z)?7(ri'^'+(T)) - A"(t, T, r^.^^ z)f/(r2.^'+(T)) 



(A"(t, T, Y^'^, Z) - A%t, T, Y^'^, Z))U{Y'^'^'+{T)) 



A%t, T, Y^'^, Z)(t/(F^'^'+(T)) - U{Y^'^'+{T))) 



(3.7) 



+ sup E 

zez{t,z) 

< sup \\A^{t,T,Y''^,Z)-A%t,T,Y''',Z)h\\U{Y''^'+{T))h 

ZGZ{t,z) 



+ sup E 

zez{t,z) 



(f/(ri'^'+(T)) - t/(F2.^'+(r))) 



The last inequahty of (13. 7p follows from Holder's inequality and the fact |A^| < 1. In 
the above and what follows, we use || • ||2 to denote the norm in the space L'^{Q, J-", P; M). 
To proceed, we examine each of the terms after the last inequality sign in (13.71) . 

Since we have 

\A'{t,T,Y^'^,Z)-A%t,T, Y^'^,Z)\ 

exp{-- [ {c{-Z{r))-Y''^{r))+dr} 

^ T 

-exp{-- [ {c{-Z{r))-Y^'^{r)ydr} 
\c{-Z{r)) - ri'^(r))+ - (c(-Z(r)) - F=''^(r))+)rfr 



1 

< - 

e 

1 

< - 

e 

<Ce,T sup \Y^'^{r) -Y^'^{r)\ a.s. 

re[t,T] 



{3.t 



\Y^'^{r) -Y^'^{r)\dr 



2 

1/2 



1/2 



(3.9) 



the first factor in the next to the last row of (13. 7p is 

\\A%t,T,Y''',Z)-A%t,T,Y^'^,Z)h 
= (E\A'{t, T, yi'^, Z) - A'{t, T, Y^'^, Z) \ 
<C,,T(Esup,,[,^]|ri'^(r)-r2,Z(,)|2j 

< Ce,Ti\xi -X2\ + \yi -y2\), 
where the last inequality follows from (13.41) . 

For the second factor in the next to the last row in (EZD, we utilize the fact U^{x) < 
C(l + x^) for some large C due to concavity of U 

1/2 



||^7(yi'^'+(T))||2= (E[t/2(ri'^'+(T))]) <c + c||ri'^'+(T)||, 



(3.10) 
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Note that \Y^^^'+{T)\ < |F^'^(r) + ^^^<^c(AZ^J|, one can use the result of ([33]) to 
obtain 

\\Y''^'+{T)h < (E\Y''^^'y^'^{s) + Y,c{AZrJ\'y/' < Ct{\x,\ + \y,\). (3.11) 



Combining the inequahties f l3.10p and f l3.1ip . we have 

\\U{Y''^^^T))h<CTi\x,\ + \y^\ + l). 



(3.12) 



For the last term of (13. 7p . we use \U{xi) — U{x2)\ < U{\xi—X2\) and Jensen's inequality 
to obtain 



E 



(f/(F^'^'+(T)) - f/(r2.^'+(T))) < f/(E|yi'^'+(T) - r2>^'+(T)|). 



Also, thanks to (13.41) . we further obtain 



E 



(f/(yi,^,+(r)) _ [/(f2,^.+ (T))) < UiCri\x^ - x^l + \yi - y^l))- (3.13) 



Coming back to (13.71) with the estimates (13. 9p . (13.120 . and (13.130 . we have 

\V%t,xi,yi,z) - V%t,X2,y2,z)\ 

< Ce,Ti\xi - X2I + \yi - y2\)i\xi\ + \yi\ + 1) + [/(Crdxi - X2I + \yi - y2\))- 
Therefore, is continuous in {x,y). 



(3.14) 



2. With the continuity of in {x,y), we are now ready to establish the continuity of 
in t. We assume ti < t2 and fix {x,y). By the definition of in (13. 2p . for any 

V'{ti,x, y, z) - V\t2, X, y, z) > 
Et,[A%h,t2,Y'''''''''^\Z,)V%t2,X'^'^{t2),Y'^'^^^^^^^ 

(3.15) 

If we restrict sup of (13.150 in Zi G Z{ti,z) : Zi{s) = z Vs G [^1,^2], then it gives a 
one-sided estimate 



V''{ti,x,y,z) - V%t2,x,y,z) 

> Ei, [A^h, t2, Y''^'y'\ z)V%t2, X'^'-{t2), y*^'"'^'^(t2), z)] - V%t2, X, y, z) 
= ¥.t,{K%trMX'^''''\z){y'{t2,X\t2),Y\t2),z)~V%t2,x,y,z))] 

-Ei, [(1 - A-(ti, t2, Y\ z))V'{t2, x, y, z)]. 



(3.16) 



The last term of (I3.16P vanishes as t2 — t- ti by the dominated convergence theorem. 
The term on the next to the last line also goes to zero as ^2 ^i, due to 



(a) estimation of (I3.14p on in (x, y) 
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(b) the inequality 

E[ sup {\X\t2) - xr + \Y\h) - yn < + |xr)(t2 - ti)"/'; and 

ti<st2 

(c) |A^| < 1. 

Therefore, \imt^^tiiV'^{ti,x,y, z) — V'^{t2,x,y, z)) > 0, and is left upper semicon- 
tinuous. For any Z G Z(ti,z), we design Z{s) = Z{s) for all s > t2, and ^'(tg) = z. 
Then Z G Z{t2,z). Thus, 

V%ti,x,y,z) - V^{t2,x,y,z) 

< sup \Et, [A^(tl, t2, Y''^, Z)V'{t2, X\t2), Y''^{t2), Z{t2))] 

zez{ti,z) 

-Et,[J%t2,x,y,z, Z)] 

< sup {Et, W{hM, Y^^\ Z)V\t2, X\t2), Y''^{t2), Z{t2))] 
zez(ti,z) 

-Et, [V'{t2, x,y- c{Z{t2) - z), Z{t2))] 



< sup Et, V'{t2,X\t2),Y^^^{t2),Z{t2)) - V'{t2,x,y - c{Z{t2) - z),Z{t2)) 
zez{ti,z) L 

Observe that by the sub-additivity of c(-), 

Y'''{t2) =y+ r Z{s)dX{s) - J2 c{AZ{n)) 
\ 

<y+ r Z{s)dX{s) - c{Z{t2) - z). 

Together with monotonicity of in we obtain the desired estimate 

lim {V'{ti, X, y, z) - V'it2, X, z)) < 0. 

In other words, is left lower semicontinuous in t. Right continuity can be similarly 
shown along the above lines by forcing the limit ti — ?■ t2- 

3. Note that by virtue of fl3.3p . 

V%t, X, 2/, z) < sup^,^(,,) E[t/(r*'-'^'^'^(T))] 
<sup^,^(,,,)t/(E[r*'-''^'-'^(T)]) 
< s^Pzez(t,z)U{y + Cx). 

This, together with (I2.3p . implies (I3.5P and fl3.6p . 

□ 
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3.3 Continuity of V 

Assumption 3.1. For any {t,x) G (0,T) x and ^ z E IC, either zb{t,x) < or 
a{t,x) ^ 0. 

Remark 3.1. If K, includes botli negative and positive integers, then zb{t,x) < is mean- 
ingless. But if /C only contains nonnegative integers (that is, short position is prohibited), 
then zb(t,x) < leads to b(t,x) < 0. 

Define the effective boundary of the domain as follows: 

d^O = {{x,y,z) : X > 0,y = c{-z), z E /C}. (3.17) 

Lemma 3.3. For arbitrarily given initial data {t,x,y,z) G [0,T) x d^O (1 {z ^ 0} and 
Z G Z(t,z), let Y = Y^'^'^'^'^ be a process of (12.61) . Under Assumption \3.1\ we have 

mi{s>t:Y{s) <C{-Z{s))} = t ¥ - a.s. 

Proof. Given Z G Z{t, z), we define A = {u : Z(t, u) = z}. For any u ^ A, one can see 

Y{t,u) = c{-z) - c{Z{t,u) - z) < c{-z), 

and thus, 

inf{s > t : Y{s) < c{-Z{s))} = t P - a.s. in \ A 
Next, we want to show 

inf{s > t : Y{s) < c{-Z{s))} = t P - a.s. in A. 

Let p{y, z) = c{—z) — y. Consider Z^ G Z{t, z) given by 

Z^{s,u) = Z{s,uj)1a{uj) + z1a4(-j), Vs G [t,T). 

In other words, Z^ is constructed so that if there is a jump at t, then Z^ follows exactly the 
sample path as Z, and if not Z^ just takes constant z before clear all risky asset at time T. 

We denote its associated state process with initial data {t, x, y, z) by {X^{s), Y^{s), Z^{s)). 
Then, because of the existence and uniqueness of the strong solution of (12.11) . 

(X\ r\ Z^) = (X, r, Z), P - a.s. in A. 

Therefore, it is enough to show that 

inf{s > t : Y^{s) < c{-Z\s))} = t, P - a.s. 

By Ito's formula, for all s < ti of (12.41) 

dp{Y\s), Z\s)) = dp{Y\s), z) = -zb{s, X\s))ds + za{s, X\s))dW{s). 

By Proposition 16. 2[ inf{s > t : p{Y^{s), Z^{s)) > 0} = t under Assumption 13. 1[ □ 
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Theorem 3.1 (Continuity of V). Assume Assumption \3.1[ Then the value function V given 
in (12 . 1 21) is continuous in {t,x,y). 

Proof. Fix the initial data {t,x,y,z) G [0, T) x d^O (1 {z ^ 0} and arbitrary Z G Z{t,z). 
Let Y = Y^'^'^'^'^ be a process of (I2.6p . By Lemma [3.31 for any s G [t,T) 



c(-Z(r)) - r(r) dr>0 F - a.s. 



Fix a small 6 > 0. Let G 2(t, z) be a 5-optimal control. That is, 



V%t, X, 2/, z) < Et[U{A%t, T, F*'-'?''^'^', z^)Y'^^^y'''^\T))] + 6 
^Et[U{A%t,T,Y',Z')Y%T))]+6, 



with the notation Y^ = Such a 5-optimal control always exists for each e. 

Since is monotone in e and nonnegative, lime^o+ ^^(^j 2;, is well-defined. In addition, 
utilizing the fact \U{y) < U{\y) for any A G (0, 1) 



lim,^o+ V%t, X, y, z) < lim,^o+ Ei[A-(t, T, r^ Z=)f/(r^(T))] + 5 

< iim,^o+ E4^7(A^(^,T,y^z^)r-'+(T))] + 5 



< lim,f/(Ei[A"(t,T, F^Z=)F"'+(T)]) + 5 
= ?7(lim,Et[A"(t,T, F^ Z=)F"'+(T)]) + 5 
= t/(Ei[lim,A"(t,T, y^Z=)y"'+(T)]) + 5 
= 5. 



Note that V^^ > and 5 > is arbitrary. These imply the pointwise convergence of 



YimV'{t,x,y,z)=Q = V{t,x,y,z), V(t, x, y, ;z) G [0, T) x 9^0 n {z ^ 0}. (3.18) 



It is immediate to show by definition that 



l/"(t, 0, c{-z), z) = = V{t, 0, c(-2), z), and F^(T, x, c(-z), z) = = ^(T, x, c(-z), z). 



In addition, we can show lim£_!.o V^^(t, x, 0, 0) = since if ri exists (otherwise trivial) 



< lim^'l/^(t,x,0,0) 

<lim,E[\/-(ri,X*'-(ri),-c(Z(ri)),Z(ri))] 

< E[lim, F^(ri, X*'-(ri), -c(Z(ri)), Z(ri))] 

< E[lim, F^(ri, X*'-'(n), c(-Z(ri)), Z(ri))] 
= 0. 




Hence, by definition (13. ip . 



lim A^(t,s,y,Z) = P-a.s. 
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In the above, we used the dominated convergence theorem, and apphed (13.181) together with 
the fact Z{ti) ^ 0. Now, we can rewrite fl3.18p as 

hm\/^(t,x,?/,z) = = V(t,x,?/,z) G [0,T] X a^O, (3.19) 

where d^O is the closure of 5^0, i.e., 

d^O = {{x,y, z) : X > 0,y = c{—z), z G /C}. 

Since V^it^ x, y, 2;) is continuous on the compact set ([0, T] x 9^0) fl {x < x} for arbitrary 
given positive x and converges monotonically to the zero function by (13.191) . Dini's theorem 
imphes that 

hm \^^(t, X, 2;) = uniformly on ([0, T] x fl {x < x}. 

Due to the uniform convergence, we can set a real function /i^(-) : — ^ as 
/i"(x) = sup{l^"(t, X, z) : (t, X, y, z) G [0, T] x 9^0 H {x < x}}. 

Then 

lim/i^(x) = for any given x > 0. (3.20) 
From (13. Sp of Lemma 13.21 and Lemma 16.11 we have 

(x) 

lim = uniformly in e, 

and therefore there exists a large xq > such that 

< tor all X > xo and e > U. 

X Xo 

Therefore, we have for all {t,x,y, z) G [0,T] x d^O 

V\t, X, z) < x^^ < x^^ = Cxh^xo). 

X Xq 

Now we are ready to derive a bound of V in terms of in the domain (t, x, 2;) G [0, T] x O. 
First, we observe that, since A^(t, s, Z) = 1 for any stopping time s < r of (12. lip , 

we can write 

V%t,x,y,z)= sup E[V^^(r,X*'^'(r),>^*''''^'''^M,^M)]- 

zez(t,z) 
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Also, the state (X*'^(r), y*.^.3/.^.^(r), Z{t)) must fall in since X*'^(r) ^ almost surely. 
Therefore, for any {t,x,y,z) G [0,T] x O, 

< V%t,x,y,z) 
= sup^,^(,,) (r, X*--(r), y*.-.^.--^(r), Z(r))] 

< sup^,^(,,,)E[/i^(X*'-(r))]l|.<T} + V'{T,X''^{T),Y'^^'y'^'^{T),Z{T))l{r=T}] 

< Ch%Xo)E[X''-{r)] + snpzezit,z) HV^T, X*'-(T), F*.-*-.^(T), Z(T))]l|.=r}] 

< Cxh'^{xo) + V{t, X, y, z), 

where r is as in f l2.1ip . The above inequalities imply that is a locally uniform estimate 
of V on the [0, T] x O in the sense of 

\V%t,x,y,z)-V{t,x,y,z)\<Cxh%Xo), W{t,x,y,z) e [0,T] xO. 

Finally, we can show continuity of V in {t,x,y). For any (ti,Xi,yi, z) G (0,T) x O with 
^ = 1,2, 

|\/(ti,xi,?/i,z) - V{t2,X2,y2,z)\ 

<\{V- (ti, Xi, 1/1, 2:) I + I (V^ - \^^) (t2, X2, 1/2, I + Xi, 1/1, Z) - \/^(t2, X2, I/2, ^) | 

< C/i=(xo)(xi +X2) + |l^^(ti, 0:1,1/1,2;) - V^{t2,X2,y2,z)\. 
Letting (ti,xi,yi) — )■ (^2, 2:2, 1/2), the last term disappears by Lemma 13^ and 

lim |F(ti,a;i,i/i,2;) - \/(t2,X2,i/2,2;)| <Cx2h%xo). 

Thanks to (13 .20 p . lim£_^o ^'^(2^0) = 0, and hence 

lim \V{ti,Xi,yi,z) - V{t2, X2,y2, z)\ = 0. 

{ti,xi,yi)^{t2,X2,y2) 

□ 

3.4 Auxiliary Results Derived from Continuity 

Thanks to the continuity of V, now we can show that the no-action region is an open set, 
which is crucial for the uniqueness, (see inequalities (I4.12p and (I4.13P with application of 
Ishii's lemma) 

Proposition 3.2. ^[V](z) is open in for any z ^ K. 

Proof. By the definition of A of (I2.16p . we write 

A[V]{z) = {(t,x,i/) : V{t,x,y,z) > SV{t,x,y,z)} = {{t,x,y) : {V - SV){t,x,y, z) > 0}. 

Note that V{-, ■, ■, z) is continuous by Theorem 13. ![ so is {V —SV){-, ■, ■, z) by Proposition 13. II 
This implies ^[V^](z) is an open set. □ 
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Proposition 13.21 also enables us to characterize the optimal strategy by a F"^-predictable 
process, where is filtration generated by price process X. Practically, a trader can observe 
only the price process X (not the Brownian motion W), and F^-predictable strategy is more 
desirable. We briefly discuss the construction of the optimal strategy below. 

By standard argument, the optimal strategy is essentially constructed by a series of 
optimal stopping time problem. Indeed, given initial state (t, x, y, z), using Yi to denote the 
process Y^'^'"^'^ with constant control Z = z, the flrst transaction is occurred at 

n = mi{s>t:Yi(^A[V]{z)} (3.21) 

and the size of transaction at ti is 

Z{ti) - Z{t{) = arg max 1/ (rf, X (rf ), Fi (r^- ) -c(Az),z + A2). (3.22) 

Az 

The subsequent transaction times and sizes are determined repeatedly by using the same 
procedure. 

Note that, since ^[V](2;) is an open set by Proposition [321 '^i of fl3.2ip is an F^^ -stopping 
time, where F^^ is the flltration generated by Yi. Furthermore, together with the fact 
F^i C F^, this implies that ti is an F"^-stopping time. Also note that in (13.221) . the jump 
size of Z{ti) — Z{t^) is measurable with respect to ¥^{t^). Repeating above argument to the 
subsequent jump times, one can show that the above constructed process is F^-predictable. 

4 Characterization of Value Function 

In this section, we will show the value function is the unique viscosity solution of (12.171) with 
condition (I2.18p . First, we give deflnition of viscosity solution: 

Definition 4.1. A function u is said to be a viscosity subsolution (resp. supersolution) of 
(I2I7D-(I2IHD, if 

1. for any {to,xo,yo, zq) G (0,T) x O and function G C^'^'^((0,T) x 0,R) satisfying 

(f > (resp. <) u on (0,T) x O and ip = u at {tQ,xo,yo, zq), 
the following inequality holds: 

mm{{-ipt- Cip){to,Xo,yo,Zo),{ip-Sip){to,Xo,yo,Zo)} < (resp. >)0, 

and 

2. u{t, X, y, z) < (resp. >) U{y - c{-z)), on d*{[0, T) x O). 

The u is said to be a viscosity solution, if it is both a viscosity subsolution and a viscosity 
supersolution. 
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4.1 Viscosity Solution Properties 

Next, we show the objective function V of fl2.12p is a viscosity solution of quasi-variational 
inequahty (12171) -( 1238|) . 

Theorem 4.1 (Viscosity properties). The objective function V{t,x,y,z) of (12.12^ is a vis- 
cosity solution of the quasi-variational inequality ( \2.17\\ with boundary-terminal condition 

(EUD. 

Proof. The proof is divided into two steps. 

1. First, we prove that is a supersolution of (12. 171) . If not, there would exist {to,r]o) = 
{to,xo,yo, zo) and a function (f G C^'^'^((0, T) x 0,R) with 

(p<V, and (p{to, r]o) = V{to, r/o) 

satisfying 

mm{{-Lpt - C(f){to,r]o), {ip - Sip){to,r]o)} < 0. (4.1) 
Since by fl2.15p and monotonicity of Proposition 13.11 

fito^Vo) = V{to,rio) > SV{to,rio) > S(p{to,Vo), 

and ( 14. ip is equivalent to 

{-^,-C^){to,Vo) <0. (4.2) 
We introduce a strict subtest function 0(-) given by 

(f){t,x,y,z) = (f{t,x,y,z) - \t - to\^ - \x - xq]'^ - \y - yo\^- 

One can check also satisfies inequality (14. 2p . i.e., 

(-0t-/:0)(to,r7o) <0. 

Since —(pt — ^Ccp is continuous in {t, x, y), 

{{t,x,y) : {-(f)t - C(f)){t,x,y,Zo) < 0} 

is an open set. Now, we can take a small open ball Br(to,Xo,yo) x {zq} C (0,T) x O 
such that 

{-(f)t - C(t)){t,7]) < 0, in Brito,Xo,yo) x {zq}. 
Observe that V(t, r/) G dBr{tQ,xo,yo) x {2:0} 

4 

ip{t, 7]) - <P{t, n) = \t- tor +\x-XQ\^ + \y- yol' > 1 A y ^ £. (4.3) 
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Consider the stopping time 6 defined by 

e = {s>to: ^ Brito,Xo,yo)}. 

Applying Ito's formula on 0, with notations X*0'^« = X, y*o,xo,s/o,^o = y, and Zo(-) = 
zo, we have 

Vito,Vo) =0(^o,'7o) ^ 

= E[0(^,X(0),r(^^),^o)- y" i^t + m{s,X{s),Y{s),zo)ds] 
<E[(P{e,Xi9),Y{9),zo)] 

<E[ip{e,x{e),Y{e),zo)]-e 
<E[v{e,x{e),Y{e),zo)]-e 

< V{to,7]o)-e. 

This leads to a contradiction and completes the proof of viscosity supersolution prop- 
erty. 

2. Next, we show the viscosity subsolution property. To the contrary, if there exists 
(io^Vo) — {'^0, Xo,yo, zq) and a function Lp G C^'^'^((0, T) x 0,R) with 

ip>V, and (pito,r]o) = V{to,r]o) 

satisfying 

min{(-v9t - Cip){to,r]o), {ip - Sip){to,'no)} > 0. 
One can rewrite the above inequahty as 

{-^t-Cip){to,7]o)>0, {ip-Sip){to,r]o)>0. (4.4) 

The second inequality of (14. 4p . together with the monotonicity of S of Proposition 13. ![ 
leads to 

Vito, r/o) = (fito, r]Q) > Sip{tQ, r]o) > SV{tQ, r/o), 
that is equivalent to 

{to,Xo,yo) eA[V]{zo), (4.5) 
Now, we consider a test function given by 

0(t, X, y, z) = Lp{t, X, y, z) + \t- + \x - xq]"^ + \y - yo\^. 

One can check that, by (14. 4p 

{-<Pt-C<j)){to,r]o)>0. 
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Since {—(pt — -^0) is continuous in (t,x,y), 

{{t, X, y) : {-(f)t - C(f)){t, X, y, Zq) > 0} 

is an open set. Note also that (14 .Sp together with Proposition 13.21 imphes ^[V^](2;o) is 
a non-empty open set. Thus, 

{it,x,y) : {-(j)t-C(P){t,x,y,zo)>0}nA[V]izo) (4.6) 

is also a non-empty set. We can take a small open ball Br{to,Xo,yo) x {2:0} contained 
in the open set of (14.61) . i.e., 

{-(j)t-C(j)){t,r])>0, V{t,r])>SV{t,7]), V(t, 77) G S,(to, xq, yo) x {zq}- 

Similar to (14.31) . we also have 

0(t,?7) - ip{t,ri) = \t- top + \x- Xo\^ +\y- Vol* > 1 A = e. 

Define 

e = {s>to: (s,X*°'^-»(s),F*'"^°'^«'^°(s) ^ Brito,Xo,yo)}. 

Applying Ito's formula to 0, with notations = X, y*o,^o,i/o,^o = y, and Zo(-) = zq, 

we obtain 

= E[<p{e, X{e), Y{0), zo) - j {ct>t + Cct>){s, X{s), Y{s), z^)ds\ 

>ncP{e,x{e),Y{e),z,)] 
>¥.[^{e,x{e),Y{e),z^)] + e 
>¥.[v{e,x{e),Y{e),zo)] + e. 

Since V{tQ,rjQ) = K[V{9,X{9),Y{9), zq)] in the no-action region ^[V"](zo)5 this leads to 
a contradiction. 

□ 

4.2 Uniqueness 

In this part, we establish the uniqueness in the sense of viscosity solution for the quasi- 
variational inequality ( 12.17P with boundary-terminal condition ( I2.18p . 

Throughout this section, we assume that u and v are continuous sub- and supersolution 
of ( I2.17P and ( I2.18p . respectively, satisfying sublinear growth of the form, for (p = u,v 

ip{t,x,y,z) „ X , (p{t,x,y,z) 
hm sup = (),y{y,z), and hm sup = 0,V[x,z). (^4.7) 

x^oo I X y^oo J y 
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We are to show a comparison result 

u > V 

on the entire domain, which imphes uniqueness. 

Assumption 4.1. The b and a are uniformly bounded, i.e., there exists a positive constant 
C4 such that sup [Q.j^]x [0,00) \K'^^^)\ + < ^"4. 

Define constants 

p = l-mmc{z) > 0, and C5 = ||&||oo(C2 V C3 + 1) + 2p 

and 

v%t, X, y, z) = v{t, X, y, z) + eg{t, x, y, z) 
where g(t, x,y,z) = x + y + C^{T — t) . 

Lemma 4.1. is a strict supers olution, i.e., any smooth test function ip'^ with ip^ = at 
{i,x,y,z) G (0,T) x O satisfies 

{ip'-Sip'){i,x,yrz)>ep>Q, (4.8) 

and 

{-^l-C^%t,x,yrz)>ep>Q. (4.9) 

Proof. Note that = — eg is a. test function of v at (t, x, |/, z), and by viscosity superso- 
lution property 

min{(-v9( - C(p){t,x,y,z), {p - S(p){t, x,y, z)} > 0, 
Using Proposition 13.11 (14.81) is obtained from 

{(p' - Sp''){i, X, y, z)>{p- Sp) (t, x,y,z) + e{g - Sg) (t, x,y,z)> ep. 

Equation (14.91) is the result of viscosity supersolution property of v and 

gt + Cg < -p. 

□ 

Lemma 4.2. Let 

Hit, X, y, z) = u{t, X, y, z) - v%t, x, y, z). (4.10) 
Then H{t,x,y, z) attains its maximum in [0,T] x O, i.e., 3{i,x,y,z) G [0,T] x O such that 

H(i, X, y, z) = max_ H(t, x, y, z). 

[0,T]xO 

Moreover, 

{u — Su){i, X, y, z) > 0. 
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Proof. Since eg grows at most linearly and u — v has sublinear growth of the form (14.71) in 
{x,y), H satisfies H{t,x,y, z) — ?■ — oo as + \y\ — > oo. Thus, H{-) attains its maximum at 
some point in its domain, say {i,x,y,z). To the contrary, if 

{u - v){i,x,y,z) < 0. 

Then, 3z* ^ z such that 

M(t, x, y, z) < u{i, x,y — c{z* — z), z*). 
On the other hand, by Proposition 13.11 - monotonicity and Lemma 14.11 

f ^(t, X, y, z) > iSf^(t, x, y, z) > f ^(t, x,y — c{z* — z), z*). 
Combining the above two inequalities, 

{u-v''){t,x,y,z) < {u-v'){i,x,y - c{z* - z),z*), 

which is a contradiction to the definition of [t, x,y, z) as a maximizer. □ 
For any 2; G /C, define 

0, = {{x,y):{x,y,z)eO}. (4.11) 
Lemma 4.3. Define ■ [0,T] x Ol x IC ^ R as 

Oi 

$„(t, C, r/, z) = u{t, C, z) - v%t, T],z)--\C- r]\\ 
Then, the following assertions are true: 

1. For each z E IC, $q,(-,z) achieves its maximum at a point in [0,T] x O^, denoted by 

2. There exists a convergent subsequence (t^Xa) ~^ i't^X^) ^ [0?^] ^ such that 

H{t\C.z)= sup H{tX,z), 
[o,r]xo^ 

and 

a— ^00 

Proof. Note that $a(-,2;) achieves maximum, since $Q,(t, C, "'7, 2;) — > —00 as |C| + |?7| 00. 
The rest of proof is an apphcation of [H Lemma 3.1] on function $„(■, - , - , z). □ 
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Theorem 4.2 (Comparison result). 



sup {u — v){t,x,y, z) = sup {u — v)(t,x,y, z). 

[0,T]xO d*{[0,T)xO) 

Proof. It suffices to show that for an arbitrary given e, 

sup H{t,x,y,z)= sup H{t,x,y,z). 

[0,T]xO 9*([0,T)xO) 

To the contrary, we assume 

H{i,x,y,z)= sup H{t,x,y,z)> sup H{t,x,y,z) 

[0,T]xd 9*{[0,T)xO) 

for some e > 0. Then, we have (t, x, y, z) G [0, T) x O at the interior of the domain. 

For notational convenience, we denote {ia,Ca,Va) = (iaXa^Va)- Also, we note that 
{i,C) = (t^,C^) = limci^oo(^a, Ca) ill Lemma l473l By Lemma l43l we have ^aiia,Ca,Va, z) — )• 
H(i, z) as a; — 7- oo. 

By Lemma l42l (t, C) ^ ^['u](5). Since is open by Proposition 13.21 there exists 

some ai > such that {ia,Ca), {ia,Va) ^ -^Ml-^) C [0,T) x Oz for all a > (X\. To proceed, 
we denote parabolic superjet (resp. subjet) by Z}+(^'2) (resp. D^^^'^^), and its closure by 
/)+(i:2) (^2;ggp_ ggg its definition and properties in [8j. Applying Ishii's lemma (also 

in [8]) on m(-, 5), f ^(■, z), and w"{t,C,v) = f IC ~ there exists g, g G M, p,p G M? and 
symmetric matrices A, B depending on a, such that 

2. (g,p,i) G Z)"(^'2)f^(4,57a,^), P = -DnW°'{ia,Ca,Va) = aiCa - Va); 

3. g-g = 0; 



4. -3aJ4 < 



A 
-A 



< 3a 



By viscosity subsolution property of m, it yields 

min{F{iaXa,z,q,p,A),{u-Su){ta,C,a,z)} < 0. 
Since (ta,Ca) ^ -^Nl-^) aiid ^[u](i) is open 

F{iaXa,z,q,p,A) < 0. 

Also by dMD, 

F(t„, 57a, z, q, p, A) > ep> 0. 



(4.12) 
(4.13) 
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Using the result of Lemma IT3l Lipschitz condition on b and a, and Ishii's lemma, subtracting 
(KT^ from fl4:T2|) 

ep < F{ia,ria,z,q,p,A) - F{ia,Ca, z, q,p, A) as a cx), 

which leads to a contradiction. □ 

4.3 Summary of Results 

Finally, we summarize what have been obtained so far. It is presented in the following 
characterization of the value function. 

Theorem 4.3. Given Assumption \2.1\ Assumption \3.1\ and Assumption \A.l\ the value func- 
tion V{-, ■, ■, ■) of fl2.12p is the unique viscosity solution of the quasi-variational inequality 
(12. 17p - (12.181) in the space of continuous functions with sublinear growth in {x, y) of the form 
(O. 

5 Further Remark 

In this work, we obtained the continuity of the value function, and further characterized 
the value function as the unique viscosity solution of a quasi-variational inequality with 
Cauchy-Dirichlet condition on d*{[0,T) x O) under some appropriate assumptions. 

We have emphasized the continuity result in the current work. As a future study, we will 
consider viable uniqueness proofs with boundary conditions only on the effective boundary 
d*{[0,T) X O) n {x > 0}. The other consideration is to show the uniqueness without As- 
sumption |1]T1 One possible approach is to use domain transformation defined by x = Inx, 
and adjust the operators £ and S appropriately, which is not included in the current paper 
due to notational complexity. 

Another possible extension of the current work is to consider transaction cost of the form 
c{x,z), with subadditive condition in z. More discussions are referred to [ITj. It might also 
be interesting to study regime- switching models under optimal switching framework. 

It is straightforward to generalize all the results to nonzero fixed risk-free rate r > 
by usual normalization. However, it is nontrivial to consider similar utility maximization 
problems under various stochastic interest rate models. 

6 Appendix 

Next, for the sake of completeness, we show the sample path results on 1-D Ito's process. 
Proposition 16.11 is a generalized version of [3], and Proposition 16.21 is a special case of Propo- 
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sition 16. H which is needed in the proof of Lemma 13.31 
Consider the oem-dimensional Ito process 



X{t,uj)= [ b{s,uj)ds + a{s,Lo)dW{s), {6.1] 
Jo 



where we assume 

b{;uj) e L\[0,T]),a{-,uj) e L^{[0,T]), P-a.s. (6.2) 

The Ito process (16. ip is well defined under assumption (16. 2p : see Definition 4.1.1 of [19] and 
Problem 4.11 of [12]. 

Define the stopping times 

r/(w) = inf{t > : / a^{s,u)ds > 0}, (6.3) 



and 

r(w) = inf{t > : X{t) > 0}. 

Proposition 6.1. Assume (16.21) holds. For the ltd process given by (16.11) . r = F-a.s. if 

one of the following two conditions is satisfied: 

1. There exists stopping time 9 > Q such that 

[ b{s,oj)ds > 0, Vt < e{u); (6.4) 
Jo 

2. rj = 0, and there exists measurable function ip satisfying 



b = aip, and E 



exp|- J W'ipW'^ds'^ < oo, for some T>0. (6.5) 



Proof. We divide the proof into three steps: 

1. Suppose 6 = and rj = almost surely. Define 

?7e = inf{t > : / a'^{s,uj)ds > e}. 
Jo 

Then, ry^ ^ as e -> P-a.s. Set X,{t) = asis,u)dW{s), where 



1, s > ri,{u). 



Then, the quadratic variation (Xe)(t) — )■ oo as t — j- oo, and Xe(s,C(;) = X{s,u) for all 
s < r]e{uj). 
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Let Teis) = inf{t > : (Xe)(t) > s}. By Theorem 4.6 of [12], B{s) = X^(r^(s)) is a 
Brownian motion under P with time-changed filtration. 

Note that Te(£) = % by definition, and hence B{e) = Xi;(Ts{e)) = Xi^irje) and 
sup X{t,uj) = sup X^it.uj) = sup B(t,u) > 0, P — a.s. Ve: > 0. 

0<t<% 0<t<rie 0<t<e 

Therefore, we obtain 

< inf{t > : X{t,u) > 0} 
< inf {s > : sup X{t, u) > 0} < r]^ ^ 0, e -> 0, P - a.s. 

0<s<t 

and this imphes r = if 6 = and rj = 0. 

2. Now we assume existence of 6^ > satisfying (16.41) . Set A = {u : rj{uj) > 0}, then 

X(t, u) = b{s, uj)ds, Vs < ?7(w), P — a.s. w G A, 
Jo 

and thus r = P-a.s. uj & A. For w G A^, we have following inequality 

X{t,u)> [ a{s,uj)dW{s), \/t <e{u), 
Jo 

and by the proof of the first part, since rj = P-a.s. in A'^, 

sup X{s,uj) > sup [ a{r,Lo)dW{r) > 0, Vt < 

This implies r = 0, P-a.s. in A^. Thus, r = with existence of ^ > of (16. 4p . 

3. With the assumption of (16.51) . by Girsanov theorem, X(t) = a{s,u)dW^ , where 
Q ~ P. Then we can apply the result of first part to obtain r = Q-a.s., and hence 
P-a.s. 

□ 

Example 6.1. Suppose X{t) = — lOOt + W{t), then r = 0. This can be seen from (2) of 
Proposition 16.11 

Proposition 6.2. Assuming that J-q is trivial a-algebra. Consider ltd process (16.11) with 
continuous b{-,u) and a{-,u). Then, r = 0, if either 6(0) > or cr(0) > 0. 

Proof. The proof is carried out in two steps. 

1. If 6(0) > 0, we can take 9 = mf{t > : h{t,uj) < |6(0).}. Because of the continuity of 
b, 9 satisfies ([62D. Thus, r = 0. 
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2. By virtue of the continuity of a, rj in (16.31) is zero. Let Ti = inf{t > : cr(t) < ^(j(0)}, 
and T2 = inf{t > : \b{t)\ < |6(0)| + 1. Set T = Ti AT2, then = b/a satisfies Nivikov 
condition (16. 5p . Thus, r = 0. 

□ 

We need the following lemma to prove Theorem 13. II The proof of Lemma [6. II is elemen- 
tary and is thus omitted. 

Lemma 6.1. Let f : [0, 00) t— t- M+ be a continuous function satisfying 

hm M = 0, 
and denote f*{x) = max{/(?/) : y < x}. Then 
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